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/hdu:/ hdx, or /hdu: hdo.
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h € H(Q): the space of all harmonic functions on €.

Problem: For given p, find 2 admitting the mean value formula. I

(A) Another equivalent formulation in terms of a PDE.

(B) w(t) — €2(t) induces an evolution of domains.



Introduction . o T
Relationship diagram

What's known about mean value formula

What's known about mean value formula

/hdu:/ hdx, or /hdu: hdo.
Q 1y}

h € H(R): the space of all harmonic functions on

(Generalized) mean value formula j
Q.

Problem: For given u, find € admitting the mean value formula. '



Introduction . o T
Relationship diagram

What's known about mean value formula

What's known about mean value formula

/hdu:/ hdx, or /hdu: hdo.
Q 1y}

h € H(R): the space of all harmonic functions on

(Generalized) mean value formula j
Q.

Problem: For given u, find € admitting the mean value formula. '

[ i Domains [ Surfaces ]
Existence Sakai (82, '83) Beurling ('57), Henrot ('94)
Gustafsson ('85) Gustafsson & Shahgholian ('96)




Introduction . o T
Relationship diagram

What's known about mean value formula

What's known about mean value formula

/hdu:/ hdx, or /hdu: hdo.
Q 1y}

h € H(R): the space of all harmonic functions on

Problem: For given u, find € admitting the mean value formula. '

(Generalized) mean value formula j
Q.

[ i Domains [ Surfaces ]
Existence Sakai (82, '83) Beurling ('57), Henrot ('94)
Gustafsson ('85) Gustafsson & Shahgholian ('96)
Uniqueness Sakai ('82) Shahgholian ('94): convex
Henrot ('94): counter example




Introduction . o T
Relationship diagram

What's known about mean value formula

What's known about mean value formula

/hdu:/hdw, or /hdu: hdo.
Q ETe)

h € H(R): the space of all harmonic functions on

Problem: For given u, find € admitting the mean value formula. '

(Generalized) mean value formula j
Q.

[ i Domains [ Surfaces ]
Existence Sakai (82, '83) Beurling ('57), Henrot ('94)
Gustafsson ('85) Gustafsson & Shahgholian ('96)
Uniqueness Sakai ('82) Shahgholian ('94): convex
Henrot ('94): counter example




Introduction . o T
Relationship diagram

What's known about mean value formula

What's known about mean value formula

/hdu:/hdw, or /hdu: hdo.
Q ETe)

h € H(R): the space of all harmonic functions on

Problem: For given u, find € admitting the mean value formula. '

(Generalized) mean value formula j
Q.

[ i Domains [ Surfaces ]
Existence Sakai (82, '83) Beurling ('57), Henrot ('94)
Gustafsson ('85) Gustafsson & Shahgholian ('96)
Uniqueness Sakai ('82) Shahgholian ('94): convex
Henrot ('94): counter example

Our aim: Uniqueness of € for measures p ~ ¢do. '



Introduction . o T
Relationship diagram

What's known about mean value formula

What's known about mean value formula

/hdu:/hdw, or /hdu: hdo.
Q ETe)

h € H(R): the space of all harmonic functions on

(Generalized) mean value formula j
Q.

Problem: For given u, find € admitting the mean value formula. '

[ i Domains [ Surfaces ]
Existence Sakai (82, '83) Beurling ('57), Henrot ('94)
Gustafsson ('85) Gustafsson & Shahgholian ('96)
Uniqueness Sakai ('82) Shahgholian ('94): convex
Henrot ('94): counter example
Deformation flow Many authors ('47-) O. (to appear in Math. Ann.)
n(t) — Q(t) Richardson ('72): HS flow

Our aim: Uniqueness of €2 for measures p ~ cdo. '



Introduction . o T
Relationship diagram

What's known about mean value formula

What's known about mean value formula

/hdu:/hdw, or /hdu: hdo.
Q ETe)

h € H(R): the space of all harmonic functions on

(Generalized) mean value formula j
Q.

Problem: For given u, find € admitting the mean value formula. '

[ i Domains [ Surfaces ]
Existence Sakai (82, '83) Beurling ('57), Henrot ('94)
Gustafsson ('85) Gustafsson & Shahgholian ('96)
Uniqueness Sakai ('82) Shahgholian ('94): convex
Henrot ('94): counter example
Deformation flow Many authors ('47-) O. (to appear in Math. Ann.)
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@ Proof is based on the existence of a continuous family of domains Q(t)
covering R™, which is implied by the global-in-time solvability of the flow.
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As a consequence ...

@ Symmetry of 2, i.e., Q = B, holds for u = ¢do by the method of
moving planes.

But, it is still unclear if uniqueness is preserved under small perturbation of
measure. We derive deformation flow of §2(t) for a parametrized measure pu(t)
to construct a continuous family of €2(¢). This deduces the uniqueness!
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. —_ 1+
lollcien—1y < € (Il — woll + (diam supp 1) ~*)

holds with a positive constant C = C(k,¢,1).

e My, := {M ‘ lp|| =w, [hdp =0forh € Ule HJ-}, where Hj is
the space of homogeneous harmonic polynomials of degree 5 € N.

Therefore, we established

@ Uniqueness and Stability hold under small perturbation of measure;
@ Higher symmetry of p implies stronger stability of mean value formula.
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Assume p = (w — ||v||)do + v, where ||v|| + (diam supp ll)N_1 < 1.
@ Construction of a “good” solution:
e Derivation of the deformation flow:
N(t + &) = ON(t) + EVL T+ - - -, u(x,t+€) =uwo +ep+---
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e Q(1) is a solution with u := folp(a:, s)ds + u(zx, 0).
o Solvability of the flow (O. 2014):

Linearized operator generates analytic semigroup in h!+e.
o Characterization of invariant manifolds:
Global-in-time solvability for & + tdp and ©(0) ~ a ball,
Infinitely many conserved quantities (harmonic moments).
@ Uniqueness: Maximum principle applied to w — @ where @ is a super or

subsolution to ODP for € with & D € or € C 2. The construction of
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[Thank you for your attention.g
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