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Introduction
L]
Introduction

Ordinary differential equations for evolution families

o Radial Loewner equations for ¢t = f; ' o f:

wr = G(we, t)  with  G(z,t) == —zp(z,t)

@ Chordal Loewner equations (by transforming everything from H* to D):

we = G(we, t)  with  G(z,t) = (1 — 2)*p(z, 1)

o Berkson-Porta representation for semigroups {¢¢} C Hol(D):

we = G(wy)  with  G(2) :=(z —7)(Tz — 1)p(2)

—> Unified treatment of the above differential equations!!
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Ed-evolution families
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Evolution family of order d

Definition 7.1

A family of holomorphic self-maps of the unit disk (¢s,¢)o<s<t<oo, is an
evolution family of order d with d € [1,00], or in short an L%-evolution
family, if

(+!) Sos,s(z) =z,

Q@ Yst =@utopsy forall0 < s <u<t<oo,

@ for all z € D and for all T > 0 there exists a non-negative function
k..o € L%([0,T],R) such that

t

(Pora(2) — 9o(2)] < / e r(C)dC

u

foral 0 <s<u<t<T.

o We denote the family of all evolution families of order d by EF?.
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Ed-evolution families
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Herglotz vector fields of order d

Definition 7.3

A weak holomorphic vector field of order d € [1,00] on D is a function

G : D x [0,00) = C with the following properties:
@ For all zp € D, the function G(zo,t) is measurable on t € [0, 00),
@ For all ¢y € [0,00), the function G(z,to) is holomorphic on D,

@ For any compact set K C D and for all 7" > 0, there exists a non-negative
function kx.r € L([0,T],R) such that

|G(2,t)| < kr,r(t) (1)

for all z € K and for almost every t € [0, T].

Furthermore, G is said to be a Herglotz vector field of order d if G(-,t) is the
infinitesimal generator of a semigroup of holomorphic functions for almost all
t € [0,00).

o HVY: a family of all Herglotz vector field of order d
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Ed-evolution families
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Theorem 7.5

Let d € [1,00] be fixed. Then, for any @, ; € EF?, there exists an essentially
unique G € HV? such that

@s,1(2) = Glps,e(2), 1) )

for all z € D and almost all ¢ € [0, 00), where ¢, 1= Ops ¢ /Ot.
Conversely, for any G € HV?, a unique solution of (2) with the initial condition
¢s,s(2) = z is an evolution family of order d.

It determines one-to-one correspondence between (s ;) € EF? and G € HVY,
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Ed-evolution families
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Definition 7.6

A Herglotz function of order d € [1, 0] on the unit disk D is a function
p: D x [0,00) = C with the following properties:
@ For all zo € D, the function p(zo,t) belongs to L ([0,00),C) on
t € [0, 00),
@ For all ty € [0, 00), the function p(z,to) is holomorphic on D,
@ Rep(z,t) >0 forall z€ D and ¢ € [0,00).

Then, HF? denotes the family of all Herglotz functions of order d.

Theorem 7.8

Let G € HVY. Then there exist an essentially unique p € HF? and a measurable
function 7 : [0,00) — D s.t.,

G(zt) = (z = 7)) (7(H)z — Dp(z, 1) ®3)

for all z € D and almost all ¢ € [0, ). B
Conversely, for a given p € HF? and a measurable function 7 : [0,00) — D, the
equation (3) determines an essentially unique G € HV®.
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oe

(essentially) 1-to-1 correspondence between;

(A) (B)

<o e

(A) 1 ¢s(2) = G(ps,t(2),t) with the initial condition ¢, s(z) = 2

(B): G(zt) = (z=7()(r(t)z = )p(2,1)
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Ld-Loewner chains
(]

Loewner chains of order d

Definition 7.9

A family of holomorphic maps of the unit disk (f¢):>0 is called a Loewner
chain of order d with d € [1, o0], or in short an L%-Loewner chain, if

@ f:: D — C is univalent for each t € [0, c0),
@ f:(D) C f:(D) forall 0 < s <t < oo,

@ for any compact set K C D and all T > 0, there exists a non-negative
function kx.r € L%([0,T],R) such that

1fo(2) = ful2)] < / kxer(C)dC

forallze KLandall 0 <s<t<T.

Lc?: a family of all Loewner chains of order d

o There exist (f:) € LC% s.t. Q[(f¢)] :== U, f¢(D) # C.
In fact fs(D) is allowed to be equal to f;(ID) for some s < t (even for all
s < t)

o For any compact subset K € D, there exists (f;) € LC? s.t.
fs(K) ¢ f:(K) for some s < t,

8/19



Ld-Loewner chains
L]

Evolution families and Loewner chains

Theorem 7.10

For any (f:) € Lc?, if we define
¢sp(2) = (fi' o fs)(z) (2€D,0<5<t<00)

then (ps,:) € EFY. Conversely, for any (ps,:) € EF?, there exists a (f;) € LC?
such that the following equality holds

(fropan)®) = fulz2) (€D, 0<s<t<o00).

We can deduce that a Loewner chain of order d satisfies the differential
equation

fe(2) = fi(2)(z = 7() (A = () 2)p(=, 1),

where 7 : [0,00) — D is a measurable function and p € HF?.
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Ld-Loewner chains
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L[(ps,+)]: a family of (f:) € LC? associated with (s ¢) € EF? satisfying fo € S
Theorem 7.11

Let (¢s,¢) € EFY. Then there exists a unique (f;) € L[(¢s,¢)] such that Q[(f:)]
is C or an Euclidean disk in C whose center is the origin. Furthermore;
o The following 4 statements are equivalent;

@ Q[(ft)] =C,
@ L|[(ps,t)] consists of only one function,
@ B(z) =0 for all z € D, where

b (2)
B(z) = lim O
=0 T [0, )]

@ there exists at least one point 29 € D such that 8(z0) = 0.
@ On the other hand, if Q[(f)] # C, then the Euclidean disk is written by

1
a7 = {w':ul < 5357}
and the other (g:) € L[(¢s,:)] has an expression

_ MBO)fi(2))

gi(2) = 50) (heS).
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Qc extension for classical Loewner chains

Quasiconformal extensions for L%-Loewner chains

In 1972, Becker applied for Loewner's method to derive a quasiconformal
extension criterion.

Theorem (Becker 1972)

Let k € [0,1) be a constant. Suppose that (f) is a (classical) radial Loewner
chain for which the Herglotz function p in the Loewner PDE satisfies

w—1
p(z,t) € U(k) := {wE(C.‘w_{_l

’Sk}QH

for all z € D and almost all ¢t > 0. Then the function F' defined by

fo(z), zE ]D),
F(Z) = flog|z| <é) , 2 € C\ﬁv

is a k-quasiconformal mapping of C.
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Qc extensions for Ld-Loewner chains
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Main result

Theorem (H. 2014)

Let d € [1,00) and k € [0,1). Let (f;) € LC? and p € HF? associated with (f;).
If p satisfies

p(z,t) € U(k)
for all z € D and almost all ¢ € [0, c0), then

@ f: has a k-quasiconformal extension to C for each t € [0, 00).

@ Q[(f)] =C.

In this theorem, any superfluous assumption is not imposed on 7.
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Qc extensions for Ld-Loewner chains

Theorem (Gumenyuk and H, 2014)

Let d € [1,00) and k € [0,1). Let (f;) € Lc? and p € HF? associated with (f;).
If 7 € D is constant and p satisfies

p(z,t) € U(k)

for all z € D and almost all ¢ € [0, 00), then f; has a k-quasiconformal
extension to C for each ¢ € [0, 00).

Then we can also prove it for the case when 7 is of the form
n
T(t) = ZTi *XI; (t)v
=1

where 7; € ﬁ, neN,O=ts<t1 < - <tpn_1 <th =00, I; := [ti71,ti) and
Xr is a characteristic function.

13/19



Qc extensions for Ld-Loewner chains
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Theorem (H. 2014, Roth 1997)

Let G € HV®. Consider the family {G(z,#)} such that
@ {G(-,t)} forms a normal family for almost every fixed ¢ € [0, c0).
@ {Gn(z,t)}nen C {G(z,t)} is a sequence converging weakly to G' € HV*

Then, a sequence of evolution families {(¢5 ;)}n of order d associated with
{Gn}n converges locally uniformly to (¢s,:) associated with G on
(2,t) € D X [s,00).

Proposition (Gumenyuk and H, 2014)

Let (f:) € LC?. Let p EEFd and 7 be a measurable function associated with
(ft). Suppose that 7 € D is a constant, and there exist uniform constants
C1,C5 > 0 such that

C1 < Rep(z,t) < Cs
for all z € D and almost all ¢ € [0,00). Then Q[(f:)] = C.
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Definition
A family {g¢}¢>0 of holomorphic maps of the unit disk is called a
decreasing Loewner chain of order d with d € [1, 0] if it satisfies the
following conditions:

@ g: is univalent on D for each ¢ € [0, c0),

@ go(z) = z and gs(D) D g¢(D) for all 0 < s < ¢ < o0,

@ for any compact set K C D and all 7" > 0, there exists a non-negative

function kx.r € L([0,T],R) such that

)~ ) < [ R Q) (@)

forallzeKandall 0 <s<t<T.

o We denoted by DLC? a family of all decreasing Loewner chain of order d.

0 9igi(2) = (z = o(t))(0(t)z — 1)829:(2)q(2, 1)
o Al(ge)] = MNyz0 9¢(D)
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Definition

Let d € [1,00]. A family {ws,+}o<s<¢ of holomorphic self-maps of the unit disk
D is called a reverse evolution family of order d with d € [1, oo] (or in short,
an L%reverse evolution families) if the following conditions are fulfilled:

D wss(2) =2z,

Q@ wst =wsuowyforall0 <s<u<t< oo,

@ for all zop € D and for all To > 0 there exists a non-negative function
k.1, € LU([0,T0],R) such that

t

(e u(20) — ws,e(20)| < / o 0 (C)C

u

forall 0 < s <u<t<Tp.

o REF?: a family of all reverse evolution family of order d.
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Theorem (H, 2014)

Let d € [1,00] and k € [0,1). Let (f;) € LC? and (p,T) € BP associated with
(ft). We denote by T™ € [0, oo] the smallest number such that p(D, t) € iR for
almost all t € (T, 00). Suppose that T # 0 and p € HF? satisfies

Ip(2,t) — a(z,t)] < k- [p(2,t) + q(2,1)] (5)

for all z € D and almost all ¢ € [0,00), where ¢ € HF?. Let (ws,;) € REF?
associated with (¢, 7) € BP and (g:) € DLC? associate with (ws,¢). Then, f; and
g+ has continuous extensions to D for each ¢ € [0,7™), and ® defined by
<I>(z):f0(z), z €D,
o
g¢(e”)

is a k-quasiconformal mapping on A[(g:)] onto Q[(f:)].

= fi(e"), 6€[0,2r) and te0,T%), (6)

o Allg)] = {$ :w e C\Allg)]}
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Qc extensions for Ld-Loewner chains
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Theorem (H, 2014)

Let d € [1,00) and k € [0,1). Let (g¢) € DLC? and (g, 7) € BP associated with
(gt). If g satisfies

q(z,t) —1

‘q(zyt) + 1’ -
for all z € D and almost all ¢ € [0, 00), then g; has a k-quasiconformal
extension to C for each t € [0, 00). Further, A[(g:)] consists of one point in D.

4
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Thank you for your attention!!
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