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One of the most classical object of study
in Geometric Function Theory is the

Class S

By S we denote the class of all holomorphic functions
f- DM ¢ Di={z:|zl <1}

which are

» univalentin D, and
» normalized by the condition f(0) = 0, f'(0) = 1.

The study of S is difficult in many aspects, in particular, because:

— there is no natural linear structure in the class S;

— the class S is even not a convex set in Hol(ID, C).

Class S and its Parametric Representation
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Theorem (Parametric Representation) [Loewner, 1923;
Kufarev, 1943; Pommerenke, 1965-75; Gutlyanski, 1970]

S = D3z flpl(2) = Iim_e'po(2):

[0, +00) 5t @g(z) =: w(t) solves (1)}

(classical radial) Loewner— Kufarev ODE

(ZI_V;/ = —w(t)p(w(t),t), w(0)=2zeD, (1)

where p : D X [0, +o) — C is a classical Herglotz function, i.e.
» p(z,-)is measurable for all z € D;

» p(-,t)is holomorphic for all t > 0;

» Rep>0andp(0,t)=1forallt>0.
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Representation of Uy (ID) S | |

Thus the Parametric Representation is the surjective map p — f[p]
from the convex cone P, of all classical Herglotz functions onto S.

v

Notation: U (D) := {(p € Hol(ID,D): ¢ is univalent},
Up(D) = {p € U(D): p(0) =0, ¢’(0) > 0} — semigroups!

y

Theorem (“Parametric Representation folklore")
Let ¢ : D — C. Then ¢ € Uy(D) < m,
where T := —log ¢’(0) and t = ¢q +(z) =: w(t) is the solution to
dw(t)/dt = —w(t) p(w(t),t), w(0)=zeD,
for some classical Herglotz function p.

Simple idea to represent U(D)
For ¢ € U(ID), write ¢ = L o ¢g, Where ¢ € Uy(ID) and L € Méb(D).

v

Class S and its Parametric Representation 4/23



Universitetet i

SemlgrOUpS |n HOI(D, ]D) Stavanger Ll

Not every simple idea turns out to be productive.

Decomposition ¢ = L o ¢ does not allow to study infinitesimal
structure of subsemigroups in 2/(ID) and Hol(ID, D).

Examples of semigroups w.r.t. - o
1 Probability generating functions of Galton—Watson processes

ngn = {(P(Z) = Z::b pnzn: pn =0, Z+ —oPn= 1}

5 H(H) = {qo € Hol(H,H): Img(z) > Imz} H :={z: Imz > 0},

on N—™

Heo(IH) = {idu} U { € Hol(H, H): " =5 ool;
1= The reciprocal Cauchy transforms of probabil. measures with

]
finite variance and mean zero Hcr(H) = {(p(z) = ( " dz“_(ﬁ)) :

B30, u(R) =1, o X2 du(x) < +oo, ff xu(x) = O € Hou(H);

v
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Semigroups in Hol(ID,ID) — CONT’ED

Examples of semigroups — CONTINUED

5= Hgp(H) = {(p € Hol(H, H) meromorphic at co:

—+o00
¢(2) =z + ¥ cn/2", co € R} C Her(H);
n=1

15 Ho(D) = {¢ € Hol(ID, D) with ¢(0) = 0 and BRFP at 1};

w5 “Unival. analogues”: Ugen, Ueo(H), Ucr(H), Usie(H), Uo,1(ID).

Universitetet i
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v

Definition (BRFP)

o € T is a boundary regular fixed point (BRFP) of ¢ € Hol(ID, D) if

Llime(z) =0, ¢'(0):=¢lim

R L

Z—0 zZ—0 Z—0

4
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V. V. Goryainov, 1987, 1992, 1996, 2002(2), 2011: infinitesimal
structure and parametric representation of semigroups in Hol(ID, D)
Definition (one-parameter semigroups)

A one-parameter semigroup (¢t) € Hol(ID, D) is a continuous
semigroup homomorphism

([O,+00),-+-) 5t ¢ € (Hol(lD,]D),-o-).

One-parameter semigroups as semiflows
For any one-parameter semigroup (¢;) there exists G € Hol(ID, C) s.t.

doy(2)
dt

= G(¢1(2)), ¢po(z)=2, forallzeDandallt>0. (4)

Definition: G is called the (infinitesimal) generator of (¢).

4
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Clearly,

G € Hol(ID, C) is an infinitesimal generator
(of some one-parameter semigroup)
& G is a semicomplete vector field in D, i.e. for any z € ID,

the I.V.P. dw(t)/dt = G(w(t)),  w(0) =z, (5)

has a unique solution w = w(t) defined for all t € [0, 4+0).

Hence there is a 1-to-1 correspondence between
— one-parameter semigroups (¢;), and
— semicomplete holomorphic vector fields G : D — C.

Definition (Infinitesimal structure of a semigroup)

Let U c Hol(ID, D) be a (sub)semigroup. The set G[U] of
all infinitesimal generators of one-parameter semigroups (¢:) c U
is called the infinitesimal structure of the semigroup U.
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Recall the notation:
U(D) = {(p € Hol(D,D): ¢ univalent}
Up(D) := | € U(D): ¢(0) =0, ¢'(0) > 0}
Us(H) := {(p € Hol(H, H) : ¢ univalent, Im¢(z) > Im z}

1 All semicomplete holomorphic vector fields are given
by the Berkson —Porta formula:

G := G[Hol(D, D)] = G[U(D)] = {G(2) = (t - 2)(1 - T2)p(2):
€D, p € Hol(D,C), Rep > 0};
15 G[Uy(D)] = {G(2) = —zp(2): p € Hol(D,C), Rep > 0,
Imp(0) = 0};
15 G[U(H)] = G[He(H)] = {G € Hol(H, C): Im G > 0};
= GlUcr(H)] = {G(z) = [, 2. 9 < i < +oo Borel measure}.

- JR x-z
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Analogy with Lie groups “Simange | |
Denote: (qth) the one-param. semigroup generated by G € G.

Analogue of the Lie exponential map
GlU] 3 G — Exp(G) :=¢¢ € U c Hol(ID, D) (subsemigroup) }

For Lie groups, the Exp-map recovers the group (at least locally)
® However in our case, typically Expy; (G[U]) # U ,# Ou(idp).

Loewner’s idea: Instead of (¢;)’s satisfying the autonomous ODE

doi(z)/dt = G(pt(2)), t>0, Po(t)y=2zeD, (7)

consider two-parameter families (¢st)i>s>0, generated by its
non-autonomous analogue:

dos,t(z)/dt = G(ﬁos,t(z)/ t)/ t>5>0, ¢ss(z)=2z€D, (8)

where G(-, t) e G[U] fora.e. t >0
(plus a “reasonable assumption" regarding dependence on t).

v
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Development of Loewner’s idea S | |

dps,i(2)
at

» The ODE
is called the general Loewner equation;

» thefunctions G: [0,+) >t G(-, 1) eG
are called Herglotz vector fields.

» the families (¢s,) are usually referred to as evolution families.

Definition
We say that a semigroup U c Hol(ID, D) admits a Loewner — type
representation if the union R[U] of all evolution families (¢s )
generated by Herglotz vector fields G

with G(:, t) € G[U] for a.e. t > 0 coincides with U.

= G(psi(2), 1), 12520, pss(z) =2, (8)

This means that one can reconstruct the semigroup U from its
infinitesimal structure G[U] using the general Loewner ODE (8).
But, a priori, this depends on the strict definition of Herglotz v. f’s.

New approach
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More abstract setting S | |
Given:
— an abstract topological semigroup U, and
— an appropriate notion of differentiability and of the derivative for
maps R > [a,b) — U,
one can consider the analogue of the general Loewner ODE
and hence construct the Loewner — type representation for U.

We assume, in particular, that:
» Differentiability of re-parametrizations:

(iyIfy:[a,b) - Uand t: [c,d) — [a, b) are differentiable,

then ¢ o 7: [c,d) — U is also differentiable.
(i) If 7’ (ty) = 1, for some 1y € [c,d), then (¢ o 7)’(fy) = ¢’ ((p)).

» Differentiability of the right translation 7, ¢ — ¢, ¢ € U fixed:
(i) Ify: [a,b) — U is differentiable, then so is t — 7,1).
(i) If 1 (t1) = Yo(t2) and P/ (1) = Y5 (12), for some ty, bz € [a, b),
then (7u1) (1) = (Tp2)' (t2) [and, trivially, 7o (1) = Tpa(t2)].
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More abstract setting — CONT’ED S | |
In this abstract setting, the infinitesimal structure is
GlU] = {%(Mt:o: (¢t) € U adifferentiable 1-param. semigroup}.

Remark: if, e.g., U is a Lie group, then G[U] = TqU.
1" The differential of the right translation can be defined as follows:
0T, (G0tl—o) = &Tottl_o= G0l
Remark: for U c Hol(ID, D), G[U]  Hol(ID, C) and do7,(G) = G o ¢.
1> Any differentiable 1-param. semigroup satisfies [by the very definition]
Lot = doT4,(G), t>0, Po = id, 9)
where G[U] 5 G := | _,.
wouldbe  Gqsi =do7p,,(G(1), t>5>0, @ss=id, (10)
where G : [0, +0) — G[U].

New approach 13/23
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More abstract setting — CONT’ED “Simarge | |

Definition
The semigroup U is said to admit a Loewner — type representation,
if there exists a class H of functions G : [0, + ) — G[U] s.t.:

(i) givenany G € H, for every s > 0 the I.V.P. the Loewner ODE
%(Ps,t = dO%s,t(G(t))/ Ps,s = id, (11)
has a unique solution t - @ft defined for all t > s;

(i) forany ¢ € U there exists G € H such that ((pgt) > ¢.

1" Ch. Loewner himself applied this scheme and obtained
a Loewner — type representation for a certain semigroup of matrices.
[On totally positive matrices, Math. Z. 63 (1955), 338—340]
v Inthat case, of course, no trouble with differentiability appears,
because the semigroup C a finite-dimensional linear space.

v Nevertheless, this shows that

this abstract scheme can work in different settings.
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Keeping in mind these abstract ideas, let us return to U c Hol(ID, D). ..
v V.V.Goryainov, for several concrete choices of the
semigroup U c Hol(ID, D), gave precise
definitions of Herglotz vector fields, specific for each U,

and established a Loewner — type representation in each case.

v Recently, another general approach has been suggested by
F. Bracci, M.D. Contreras and S. Diaz-Madrigal, 2008
[J. Reine Angew. Math. 672(2012), 1-37]

Definition (Bracci et al) [for the whole semigroup Hol(ID, D)]
A function G : D x [0, +0) — C is a Herglotz vector field if:
(i) G(,t)yegforae.t>0;
(i) G(z,-)is measurable on [0, +c0) for every z € D;
(iii) for any compact set K c D,
Mk (t) := supk |G(:, t)| is locally integrable on [0, +o0).

v
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Definition (evolution families — intrinsic definition) [Bracci et al]
A family (¢st)i=s>0 € Hol(ID, D) is called an evolution family if:
(i) @s,s=idp forall s > 0;
(i) @st = @uto sy Whenevert>u>s>0;
(iii) for any z € D, the maps [s, +0) 3 t = @gt(2)
are locally absolutely continuous uniformly w.r.t. s > 0.

Theorem (Bracci et al)
The general Loewner ODE

dpsi(2)/dt = G(psi(2), 1), 12520, gss(2) =2, ®)

establishes an (essentially) 1-to-1 correspondence
between Herglotz vector fields G and evolution families (@s,t).

This includes unigueness and global existence for solutions to (8).
Note: (8) is to be understood as a Carathéodory ODE.
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Problem: construct a Loewner— type parametric representation for
semigroups formed by univalent self-maps with given fixed points.

Let 7 be a finite set of points on T := JdD.

First family of semigroups

U(D, F) := {p € U(D): each o € F is a BRFP of ¢}

“BRFP”="boundary regular fixed point”:
A point o € JD is said to be BRFP of ¢ € Hol(ID, D) if

dzlime(z) =0 and I ¢'(0) = £lim plz) =0 # 00

Z—0 zZ—0 Z—0
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Presence of a BRFPs affects the behaviour of the map at the internal
points z € ID. The basic and most classical result is

Theorem (Julia—Wolff — Carathéodory)

Suppose that ¢ € Hol(ID,ID), 0 € D and 3 £ le_)n} p(z) =o0.

Then TFAE:

(i) oisaBRFP of ¢;

(i) (o) = liminf 1-le(2) 1_|—(P|(zz|)| < to0;

(iii) there exists A < +oco such that
lp(z) ol |z—0f
1-lp(2)2 ~ "1 -z

Moreover, the minimal value of A,

the boundary dilation coefficient a,(0) and ¢’ (o) all coincide.

for all z € D. [Julia’s inequality]

v
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Fix additionally t e D \ F.

Second family of semigroups

U (D, F) = idp} U {p € U(D, F) \ fidp}: 7 is the DW-point of ¢}

U

“DW-point”=“Denjoy — Wolff point" [Denjoy — Wolff Theorem]
For any ¢ € Hol(ID, D) \ {idp)},
3! (boundary regular) fixed point = € ID such that |’ ()| <

Moreover, if ¢ is not an elliptic automorphism of D,

then ¢°” — tlu. inID as n — +oo.

1.

v

This point 7 is called the Denjoy — Wolff point of ¢.

Problem statement and results
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1 Loenwer’s idea potentially can work in the general setting of an
abstract semigroup with “compatible diffeology”.
However, no criteria for such a semigroup
to admit a parametric representation is known.
So it is interesting to study more examples.

i In Geometric Function Theory there has been
considerable interest to study self-maps with given BRFP’s

H. Unkelbach, 1938, 1940; C.Cowen, Ch. Pommerenke, 1982;

Ch. Pommerenke, A. Vasil'ev, 2000; J.M. Anderson, A. Vasil’ev, 2008;

M. Elin, D. Shoikhet, N. Tarkhanov, 2011;

V.V. Goryainov [talk at Steklov Math. Inst., Moscow, 26/12/2011];

A. Frolova, M. Levenshtein, D. Shoikhet, A.Vasil'ev, ArXiv:1309.3074, 2013.

1 The infinitesimal structure of U(ID, ¥) and U.(ID, ¥) is well-studied.
1 The following result: [see next slide]
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Theorem (Bracci, Contreras, Diaz-Madrigal, P. Gum., 2013)
Let (¢s,t) be an evolution family with Herglotz vector field G.
Let o € T. Then TFAE:
(i) oisaBRFPof gstforallt>s>0;
(i) G satisfies:

(i.1) fora.e.t > 0 fixed, G(-, t) € G[U(D, {0})] [Contr)eras, Diaz-
z

Madrigal, Pommerenke, 2006] <= 3/ lim z——la
(ii.2) A(t) is locally integrable on [0, +c0).
If the above conditions hold, then ¢, (o) = exp(fst A(&) dé).

=: A(t) # oo;

Let U be our semigroup, U(ID,7) or U (D, F).
This theorem reduces our problem to checking whether

I’
RIU] .= Ulpst) = U,
where the union is taken over all evolution families {gs ¢} C U.

4
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Theorem (P. Gum. — work in progress)

Let ¥ c T be a finite set, n := Card(¥), and 7 € D.
The following semigroups U admit
the Loewner-type parametric representation, i.e. R[U] = U:
v U=U,(D,¥F)forteDandn= 1;[Unkelbach and Goryainov]
v U=U,D,F)forteT and n< 2;
v U=U(D,7)forn<3.

H. Unkelbach, 1940: an attempt to give
the Loewner-type parametric representation for Uy(ID, {1});
V.V. Goryainov, approx. 2013 (to appear in Mat. Sb.):
the complete proofs.
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Conjecture and open problem “Qiii;i;i’f”u

Conjecture [know how to prove]

If 7 € D, then the semigroup U.(ID, ¥) admits
the Loewner type representation for any finite set ¥ c T.

Open problem
Given a finite ¥ c T with Card(¥) = n,
¢, Does the semigroups U (D, ¥) admits
the Loewner type representation for t € T and n > 27
¢, Does the semigroups U(ID, ) admits
the Loewner type representation for n > 3?

My conjecture is that the correct answer for both questions is NO.

FHSTILVET .

Arigatougozaimasy
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